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Abstract

In the last years, one degree of freedom mechanisms has been incorporated into rehabilitation machines. Their designs
usually involve kinematic synthesis leaving aside their complex dynamic nature. An integrated methodology to design
a one degree of freedom eight-bar mechanism for lower limb rehabilitation is presented in this paper. The methodology
simultaneously considers kinematic synthesis, structure shape design, and dynamic performance. A non-linear con-
strained dynamic optimization problem is proposed where the design objective relates the accuracy in the prescribed
movement and the energy consumption reduction. This problem is solved by using different differential evolution vari-
ants for finding the most suitable synergistic solution. The results show that the obtained design can follow the path
with 52.13% less energy consumption compared to a design that does not consider such integration. This also results
in less control effort, and hence the velocity regulation accuracy is improved. The three-dimensional printed prototype
illustrates the obtained solution.

Keywords: Concurrent design, integrated design, rehabilitation mechanism, kinematic synthesis, structure shape

design, dynamic performance.

1. Introduction

Lower limb injuries are the most frequent disabilities for different factors such as traffic accidents, sports injuries,
aging, degenerative diseases, and unhealthy lifestyle. Therefore, rehabilitation therapy is a crucial factor to maintain,
recover and develop the movement of the affected limbs through exercise routines with a minimum interaction of the
physiotherapist.

In the last years, specialized robotic systems positively improve rehabilitation process and reduce the recovery
time, maximizing the performance of the affected corporal area. Those systems can be divided according to the
applied motion to the patient’s body, the exoskeleton and the end-effector systems [I]. The exoskeleton systems move
limb joints through a mechanical structure that is fixed on the patient limb and, therefore, the structure can move

each part of the limb e.g., the Lokomat robot. Those systems are the high-cost alternatives to reduce the patient
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recovery time and enhance the skeletal muscle regeneration of the affected limb. On the other hand, in the end-effector
systems, the movement is only carried out in the injured area, with the help of support providing specific trajectories
similar to the natural movement. As the end-effector systems provide particular movements, the use of mechanisms is
increasing because they can perform the particular motion and build them with low-cost and easy-operation features.
For instance, four-bar mechanisms, six and ten-bar mechanisms, and cam-linkage seven-bar crank-slider mechanism
have been synthesized to follow several precision points described by the gait’s ankle trajectory. The kinematic synthesis
in those works is generally stated as an optimization problem. The performance function is related to the kinematic
performance based on the tracking error between a point into the mechanism and a prescribed trajectory. The solution to
the problem has been firstly addressed with gradient-based techniques and in recent years with Evolutionary Algorithms
(EAs). The latter is less likely to get stuck at local minima, and they are not sensitive to initial conditions. They are
also free derivative, and they can endow easily, outstanding features of other algorithms. That features make a better
exploration and exploitation in the solution search such that a better synergy in the design solution can be achieved
2.

The main feature in the lower limb rehabilitation mechanism design as end-effector systems is in the synthesis
process. Usually, the kinematic synthesis based on optimization does not consider the dynamic response. This results in
designs that require more energy consumption, implying a significant control effort to perform the task. Consequently,
the advanced control design should be used to compensate for the highly nonlinear dynamic behavior [3]. In this
direction, the mechatronic design approach, also called Concurrent Design, has motivated the combination of mechanical
and electrical engineering with software engineering into a single design step to improve the obtained design solution
synergically [4]. The optimal balance in the design specifications of different domains results in mechatronic systems
with an enhanced synergy [0l [0, 2, [7]. This synergy has shown advantages in the mechatronic system performance over
a traditional design, where the latter fulfills each design requirement in a separate design step [8, @, [I0]. One of the
mechatronic design frameworks is to design the mechanical structure such that the control system is benefited. In [5],
the Design For Control (DFC) approach is developed where the reduction of the shaking force/moment of the system
facilitates the control design. In [I1], the bond graphs and the genetic programming are combined to improve the
complex multi-domain system features related to the mechanical part. Hence, according to [5] and [I1], the mechanical
structure positively influences the control design whether suitable performance indexes are considered.

Most of the work related to the lower limb rehabilitation mechanism is traditionally designed based on the kinematic
synthesis, ignoring the dynamic characteristics that can influence the control performance. Even the patient’s lower
limb weight can largely influence the mechanism dynamic behavior and may produce a mechanical failure in joints. Also,
the existing synthesis techniques in the lower limb rehabilitation mechanism do not take into account the simultaneous
integration of the link shape, which should provide efficient inertial properties of links to minimize the control effort
and, thus, the energy consumption. The structural shape requires other processes to obtain from the inertial properties
the corresponding link shape. Some examples of such processes are the discretization into small mass elements of a

predefined shape and the systematic placement of them along the link length [I2], the maximization of the external
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work constrained by the volume of all links [I3], the use of topology optimization [14], among others.

Hence, this paper proposes integrating the kinematic synthesis, the structure shape design, and the dynamics into
the design of one degree of freedom (d.o.f) eight-bar mechanism for the lower limb rehabilitation to reduce the energy
consumption simultaneously. Thus, a simple controller can suitably regulate the system with less control effort in
the next design stage. The design approach is based on the average anthropometry for the Mexican population. It
is formulated as a mono-objective optimization problem where the combination of design objectives is through the
weighted sum approach employing eight Differential Evolution variants for finding the most suitable synergistic design.
Inverse dynamic analysis of the lower limb rehabilitation mechanism with a stress analysis verifies the obtained design.
A comparative study with a traditional design, where only the kinematic synthesis is considered, shows outstanding
results of the proposed integrated design methodology. The experimental result in a scaled prototype visualizes the
obtained solution.

The paper is structured as follows: In Section [2] the kinematics and dynamics analysis for the lower limb reha-
bilitation mechanism are detailed. The optimization problem statement for the integrated design methodology called
concurrent design is given in Section |3|and the solvers (Differential Evolution variants) are described in Section 4] The

results and discussion are provided in Section [f] Finally, in Section [6] the conclusions are drawn.

2. Kinematics and dynamics analysis

The sketch of the one degree of freedom eight-bar rehabilitation mechanism is shown in Fig. a), where l: v

!’

' and orientations of 6,

s ={1,2,...,9} and lz vV s = {6,8} represent link position vectors with magnitudes of I, [
0. The (Zg,yr) is the desired path to be followed by the point (zg,yg) in the mechanism by completing a revolution
of the crank link 2. The foot of the patient is placed on the point (zg,yg); hence the corresponding exerted force
is given by F"Ks. In the next sub-sections, the rehabilitation mechanism is splitted into two four-bar mechanisms
(M, = {lg,lg, lg,l;} and My = {1_1,7 lg, l; ZZ}) and one five-bar mechanism (M3 = {lz7 l_é, 1;7 lg, 1;2}) to obtain the overall

kinematics and dynamics.

2.1. Position analysis

From position vector loop equations — of sub-mechanisms My, M and Mj, the angular positions 6; and 6f ¥V
1 ={3,4,5,7,8} of links are obtained, and they are presented in — of the Supplementary Material.

loe?% 4 I5e7% — lgej% —lgel% = 0 (1)
12€j92 + l36j93 - l4€j04 - llejel = 0 (2)
loe?% 4 176797 — Ige?% — [,e3% —[1pe?%2 = 0 (3)

2.2. Velocity analysis

The angular velocities w; V s = {3, ..., 8} of links, given by (S29)-(S34)) in the Supplementary Material, are obtained
as follows: From the time derivatives of position vector loop equations —, the velocity vector loop equations —@
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Figure 1: Sketch of the eight-bar rehabilitation mechanism with its free-body diagram representation for each link.

are set for each sub-mechanism M;, My and M3. Then, using the Euler’s formula and separating in equations the real

and imaginary part, the angular velocities ws can be obtained by solving such equation system.

Floe?%2wy + jlsed%ws — jléejeéwﬁ =0 (4)
jloe?®wy + jlse®wy — jlue’®wy = 0 (5)
jw6l6€j06 +jW7l7€j07 - jOnggejes - jW4l4€j04 = 0 (6)

2.8. Acceleration analysis

This analysis involves the angular acceleration of links and the mass center’s linear ones because these are required

for the dynamic analysis presented in Section [2.4]

2.3.1. Angular acceleration
The angular accelerations «g Vs = {3,...,8} of links, given by (S35))-(S40) in the Supplementary Material, are

obtained through a similar procedure given above, but now, the system of equations is provided by the acceleration
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vector loop equations —@ for each sub-mechanism (M7, My and M3).

—lpe?202 4 1yjet% oy — I5e? Wi + I55e7% a5 + léejeéwg - lgjejeéaﬁ = 0 (7)
—Zer‘)zw% + lpje? 2y — 136j03w§ +137e7% s + l46j94w£ — e’ ay = 0 (8)
—lsejeﬁwg + lgje?% o — l7ej67w$ + 175e7% o + lgej08w§ —lsje’%as + l4ej94w2 —lje’%a, = 0 (9)

2.3.2. Linear acceleration

The linear acceleration dg, = [ag,, aGSy]T of the s —th link mass center V s = {2, 3, ..., 8} is obtained through the
second derivative of the mass center position vector with respect to the inertial coordinate x1 — y;. Then, the linear
accelerations in polar coordinates are shown in —, where lcs and ¢ are the position and orientation of the mass

center related to the s — th coordinate frame.

92-0-52)( 10

- j . 2
g, = leged jas —ws)

—

dc, = e (jag — w3) + lege? 509 (jag — w3) 11

g, = 104ej(‘94+64)(ja4 — wi) 12

Qg = 12672 (jog — w3) + lese? O+ (jag — w?)

dge = lcﬁej(eﬁ‘sﬁ)(ja(; — wg) 14

g, = lge??% (jag — ws) + 167ej(97+57)(ja7 - w?) 15

(10)
(11)
(12)
(13)
(14)
(15)
(16)

day = L1794 (joy — w?) + lege? %3799 (Gag — wd) 16

2.4. Dynamics analysis

In order to obtain the dynamics of the eight-bar rehabilitation mechanism, the applied forces F_"k = [F, I} ¥
s Sg sy

and torque 7; and the corresponding position vectors I%k = [Rfcs, , Rksy]T Vs=1{2..,8 ANk ={B,C, K} with respect
to the s — th link mass center, are visualized on each link in a Free-Body Diagram (FBD) in Fig. [[(b). The elements
of the s — th vector ﬁk are given in (S41)-(S56) of the Supplementary Material.

By using the Newton’s second law in each link’s Free-body diagram and considering the coordinate system x4 — g,
and also the rotation axis in z,4,, the dynamics equations are obtained. Those dynamics are represented in —7
where m, is the s — th link mass, I is the s — th link inertia moment and ¢ is the gravity acceleration.

The force and torque analysis in the FBD of link two is represented by:

Fsz + FB?I = maagq,, (17)
Fe,, + Fp,, = maag,, +mag (18)
T+ RC% Fc2y — RCzy FC% + RB% FB2y - RBzy FB% = IQGQQ (19)



The force and torque analysis in the FBD of link three is represented by:

Fe,, + Fp,, = mzag,, (20)
Fe,, + Fp, = msag,, +mag (21)
1%03z FCsy — RCBy FCSE + RBSE FBay — RBsy FBsx = I3G a3 (22)

The force and torque analysis in the FBD of link four is represented by:

Fe, — Fp, — Fc,, =msag,, (23)
Fe,, — Fp,, — Fo,, = maag,, +mag (24)
Re,, Fe,, — Rey Fe,, — Rp,, Fp,, + Rp, Fp,, — Rp,, Fo,, + Rp, Fo,, =lizoa (25)
100 The force and torque analysis in the FBD of link five is represented by:
Fp, —Fp, —Fc, =msag,, (26)
Fp, —Fp, — Fc, =msag,, +msg (27)
Rp;, Fps, — Rp; Fp;, — Rcs, F,, + Ry Fp,, — Res, Foy, + Rey Fo,, = Isqos (28)
The force and torque analysis in the FBD of link six is represented by:
Fe,, + Fps, — Fp,, = mgags, (29)
Fe,, + Fpy, — Fp;, = meac,, +meg (30)
Reg, Foy, — Reg, Fog, + Rpg, Fs, — Ris, s, — Rics, FBs, + R, FB;, = log e (31)

The force and torque analysis in the FBD of link seven is represented by:

FB% — FBG,, = m7aG7z (32)
FB7y - FBGy = mragqG,, + mrg (33)
RB?I FB7y — RB7y FBH — RCH FBsy + Rc7y FBel, = I7Ga7 (34)

The force and torque analysis in the FBD of link eight is represented by:

FKSw + chw — FB7I = Mmgagqy, (35)
FKSy + FCSy - FB7y = msaGSy + mSg (36)
RKSm FKsy — RKgy FKgm + Rng chy — Rcsy FCgI — RBgm F37y + RBsy FBH = Ig o (37)

The inverse dynamic model of the rehabilitation mechanism can be reduced as X = A~'B by grouping (I7)-(37).
The matrix A € R?"*2! and the vector B € R?' are described in (S57)-(S58)) of the Supplementary Material and
X € R?" is described in .

X =[Fc,, Fc, Fp
Fp, Fp

Fp,  Fc
Fps, Fg, Fc

Ie
Fe,

2 E 3y FBsw FBay FC% FC4y FBsz FBsy FCGE FCGy (38)
7|7
62 6y 82 Sy

It is important to remark that the force applied in the (zg, yg) coordinate of the mechanism (see Fig. [I(a)) and the
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crank angular velocity ws, are chosen as Fr, = [0, —133.41]7N and wy = 27 rad/s (with acceleration of o = 0 rad/s?),
respectively. Those values are considered in Section [f] for the design analysis of a complete rehabilitation mechanism
cycle. The force ﬁKs is set by considering the maximum mass of the Mexican population’s lower limb [I5], which results
from 16% of the maximum corporal mass (85 kg). Besides, the angular velocity ws represents the maximum speed for

the rehabilitation trajectory cycle.

3. Concurrent design of the rehabilitation mechanism

The rehabilitation mechanism design simultaneously considers the dimensional synthesis, the structure shape design,
and the dynamic performance in a single design step. This design is stated as an optimization problem where the spatial
and temporal requirements are taken into account to improve the movement quality and energy consumption. In the

next subsections, the details of the optimization problem are given.

3.1. Objective functions

The main dimensional synthesis goal is to follow twenty desired precision points of a semi-ellipse trajectory [16].
The continuous closed-trajectory can track a similar semi-ellipse trajectory fulfilling such points. Then, the precision
point tracking error shown in is one of the design objectives to be optimized, where € = [[Zg, Jr| — [vr,y£]]T and

ty is the final time.

_ 1 [
J=— éT
ty Jo

On the other hand, the mechanism’s dynamic performance is influenced by the link mass redistribution, which

-e-dt (39)

directly affects energy consumption, the driving torque variation, and peak-to-peak magnitude. Assuming that the
crank link has constant velocity, the energy consumption is related to the input torque. Hence, the average of the
applied torque in the crank of the rehabilitation mechanism (the load presented in the mechanism dynamics) is the

second design objective to be included as is displayed in .

- 1 [t
Jo = — / 2. dt (40)
ty Jo

3.2. Design variables

The design variables include the kinematic vector pr; = [l1, 12, ...,lg,lg,lg,ﬂl,eg,éﬁ, ég,.’L‘im,yini,eg(to),eg(t1)7 -
0a(t£)]T € RN and the shape vector pa, = [ba, .., bg; C2, -..y Cs, day ooy i, €2, vy €8, 2, ey [y G2 oons Gy Mgy oons By s oy i,
G2y ey Gy k2, oy kg]T € R0, The kinematic parameters are represented by the link lengths LLVs= {1,2,...,9} and ZZ
vV s = {6,8}; the link angles 6, 6q, é@ and 9};; the origin (Z;n;, Yini) of the coordinate system X7 — Y where the
desired trajectory is performed (see Fig. [I[a)); and the angular displacement of the crank 65(t) where the time is
t=0,tp/(N—1),..its /(N —1) € [0,f], Vi = 0,1,..., N — 1 with t; = 1 s as the average time to complete the gait

cycle [17] and N as the number of precision points. In this paper, octagonal prisms are considered as link shapes. So,
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Figure 2: Octagonal link shape.

the shape parameters are the edges of the octagonal prism as is shown in Fig. 2] Two different links are considered:
binary links (sixth and eighth links) and ternary links (second to fifth links and seventh link). The binary links have
twelve parameters (Is,bs, Cs, ds, €5, fs, Gs, Ps, is, s, ks, @s) whereas the ternary links additionally include the length I/
and the angle 6.

Therefore, the design variable vector p € RSTHN ig given in . It is important to mention that this vector changes
the link mass distribution (the dynamic parameters of the s — th link i.e., mass mg, mass center vector les = [leg,, ley,]

and inertia I) and as a consequence, the dynamic behavior of the mechanism can be modified.

p= kaiapsh]T (41)

Simple geometries are considered to simplify the dynamic parameter computation in terms of shape parameters. In
the dynamic parameters, the aluminum density ps = 2710K g/m? is selected, and the diameter ¢, = 0.01905m is set
for all link holes.

3.2.1. Mass
The mass my of the s — th link is presented in (42), where my, V k = {A, B, ..., H, J, K} is the mass of the k — th

simple geometry.

ms =ma, —mp, —Mc, + Mp, + Mg, —Mp, — Mg, — My, — My, — MK, (42)

where:

ST 2.q
mAs:ps'(ls+bs+ds)'cs'es mCs:mBs:% mDS:ps'(ls+bs+ds)'fs'es

mg, = Ps - (ls +bs + ds) *9s€s Mp, = ps'hséfs'es mag, = ps.iséfs.es

(43)
pemiies if g — 6,8

— Ps ‘Js'gs-€s
2 .
0 Otherwise

mpy, my, = Ps 5295 €s



3.2.2. Mass center

The mass center coordinates (le,,,lc,,) are presented in (44)).

1
lex, =—(za, -ma, — B, -mp, —Tc, -Mc, +Tp,  Mp, + T, -Mp, — TR, - MFp, — TG, MG, —
S

TH, - MH, —Tj, cMj, — T, MK,)
1
ley, = (ya, -ma, —yp, -mp, —yc, - mc, +Yp, - Mp, +YE, - ME, — YF, - MF, — Ya, - MG, —
S

Yu, My, —YJ,  MJ, — YK, - MK,)

where the mass center coordinates of each simple geometry represented as (zy,, yr.) Vk = {A, B, ..., H, J, K} are given

by:

xAsszsszb:%_bs rp, =ls ro, =0
sz:%—bs Ta, —l—|—d—* Z‘HSZ%S—Z)S
xg, =ls+d,— ke ya, =yp, =yc, =0 yp, = Ltc (45)
yp, = — Lt yr, =vya, = (S +2f) yr, =ys, = (—% — 29s)
I -cos(f,) ifs=6,8 I -sin(f,) if s=6,8
TK, = Yk, =
0 Otherwise 0 Otherwise

3.2.3. Inertia
The s — th inertia I, of the link is shown in .

Iy =1, —Ip, —Ic, +Ip, +1p, —Ip, — Ig, — Iy, — 15, — Ik, (46)

where the inertia I, of the k — th simple geometry V k = {A, B, ..., H, J, K} is defined in .

Ia, = 555 [(s + bs +ds)? + 2]+ ma,[(za, —lea,)? + 1}, Ip, = (W + f2) +me (@, —lee,)® + (yr, —ley,)?]
Ip, = mf % 4 map, (x5, —les,)? + 162, lg, = S5+ f2) + ma,[(za, —lew,)? + (ya, —ley,)?]
Ic, = mTB* +mg, (I3, +1cj,) In, = B2+ 92) +mu,[(xu, —lca,)” + (yu, —ley,)?]
Ip, = ZBe[(ls+bs +do)® + f2]+mp,[(xp, — lc2,)” + (yp, —ley)?] L, = B2k +92) + mp (s, —lew,)? + (o, — ley,)?]
Ip, = 5[+ bs +ds)? + g2] + mp.[(ze, —leo,)® + (yB, — ley,)?]
I = "B % omp,[(ex, —len)’ + (yx, —ley)?] if s =6,8

: 0 Otherwise

(47)

3.3. Constraints
The design constraints are splitted into three groups. The groups are related by the kinematic, dynamic, and shape

us design. Those are described in the next sections.

3.3.1. Kinematic constraints
The kinematic constraints include the equality constraints given by kinematics of the mechanism and the

desired precision points ; and the inequality constraints provided by the Grashof criterion - and the quality
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t; Tr yr t; Tr yr t; Tr yr
to 0 0 tr 0.1750 0 t14  0.2591 0.1029
t1 0.025 0 ts 0.2 0 tis 0.2094 0.1377
to 0.05 0 tg 0.225 0 ti6 0.15 0.15
ts  0.075 0 t1o 0.25 0 ti17 0.0906 0.1377
t4 0.1 0 t11 0.275 0 tis  0.0409 0.1029
ts  0.125 0 t12 0.3 0 t1g 0.009 0.0513
te 0.15 0 ti3 0.291 0.0513

Table 1: Twenty desired precision points (N = 20) for the human gait in the (Z7,7r) coordinate system.

of motion transmission —.

The mechanism’s kinematic is required to know the (zg,yg) coordinate in the mechanism. The desired precision
points in the Cartesian coordinate X — Y7 are given in Table[1l Twenty precision points of a semi-ellipse trajectory
are considered based on [16] because they represent the main points of interest in the closed trajectory. The continuous
closed-trajectory can track a similar semi-ellipse trajectory fulfilling such points. This trajectory represents the physical
therapy related to physical exercise to the rehabilitation process. The Grashof constraint ensures that the four-
bar mechanism into the rehabilitation one can develop a full crank movement. The quality of motion transmission
guarantees the maximum efficiency in the force transmission from the crank link to the (xg, yg) point. For more detail

about the kinematic constraints ([48)-(61), see [16].

10
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(t) Iy cos(02(t)) + I3 cos(03(t)) + I cos(Bs(t) + Os) 0

hi =0 e )
YE (t) lo sin(92 (t)) + 13 Sil’l(93 (t)) + lé sin(98(t) + 08) 0

ho =0 : [25(t),ye)] = [Tini Yini] — [22(t), yr ()] = [0,0] (49)
g <0 @ b+l —-1l3-14<0 (50)
920 : —ly—lLi+l+I13<0 (51)
93 <0 —l3—lLi+1l+14 <0 (52)
g1 <0 : ly+1lg—Is—15<0 (53)
g5 <0 —l/ﬁ—l9+l2+l3§0 (54)
96 <0 —lg—lg+1la+1G<0 (55)
71' 1 l% + li - (ll — 12)2

< T <

g7 <0 4 o8 ( Sals <0 (56)
2 2
T 1 l% + l/ﬁ — (lg — lg)

< — — <

gs <0 1~ cos ( ST <0 (57)
B+13— (1 +12)? 3

< . -1 (3 4 1 2 _ 2t~

g9 <0 cos ( T 1= 0 (58)
B0 —(lo+12)2\ 3

< . —1 5 6 _ <

g10<0 : cos ( TR 1 <0 (59)
3

g11 <0 Os(t) — 07(t) + 27 — e <0 (60)
G12 <0 %—98(t)—97(t)+27r§0 (61)

3.3.2. Dynamic constraints

The Inverse Dynamic Model (IDM) of the rehabilitation mechanism and mechanical failure prevention in joints
conform the dynamic constraints.

The IDM computes the input torque generated in the crank link and also forces in joints of the rehabilitation
mechanism required to track the precision points with the external force F, k. exerted in the (zrg,yr) mechanism

coordinate. Then, the IDM is included as equality constraints (62)).

hy: X — A(p)~'B(p) = 0 (62)
The other important dynamic constraint is related to the maximum applied forces supported by link joints. Those
joints are more prone to get a mechanical failure, i.e., the maximum stress is presented in those areas. Let the s — th
contact area as = 7 ¢ses of the joint forces and the k — th contact stress in the s — th contact area op, = m, then

the safety factor for each joint must be larger or at least equal than the design factor Fcy,;, = 1.5. Therefore, the

inequality constraint related to avoiding the mechanical failure in joints is incorporated, where the permissible

11
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stress Gagm = 6.2052 x 107 Pa of the aluminum is related to the elastic limit.

ngSO:FCmin*

Jadm <0V = {B,C,K} A s=1{2,3,..,8} (63)

ks
3.3.3. Link shape constraints
The first link shape constraints — keeps the octagonal prism shape.
914 <0 : hgt+iz—bs—1l,—ds <0Vs={23,..8} (64)
g15 <0 Js+ks—bs—1ls—ds <0V s=1{23,..8} (65)

The second constraints avoid the overlapping of the K, Cs and B holes. This is represented by —. In this

case, the minimum distance between hole edges is chosen as ¥; = 1.5¢, to prevent tearing fail.

gdie SO : 1;[}5*15‘1”(253 SOVS:{2737a8} (66)
g7 <0 s —\/Th k. +0s <0V s={6,8} (67)
gis <0 : Y —/(zx, —25,)2 + (yx. —yp.)> +¢s <0V s = {6,8} (68)

The third constraints determine if the K, Cs and By holes are inside of the octagonal area i.e, set a minimal distance
from the hole to the collinear lines z; = 0V i = {1,2,...,8} of the link edges. This is represented by —. The
collinear lines can be expressed as Axks + Byks + C = 0, where the coordinate (xics,yks) is with respect to the frame
Ts — ys in the octagonal link (see Fig. [2) and the terms A, B and C are the polynomial coefficients. Given the
coordinate (z;_,y; ) V k = {K,C, B} as the hole center and considering that z; < 0V i = {1,2,...,8}, the k — th hole
center of the s — th link must be in the Hole Feasible Region (HFR), see Fig. [2| Then, the perpendicular distance from

the hole center point to the corresponding collinear line z; = 0 of the link edges must be smaller than D = —(, — %
. A-z,;erBychJrC'
Ve T S

distance between the hole edge and the octagonal edge to avoid tearing fail.

< D to guarantee that the complete hole is in HFR. The term (; = 1.5¢, is established as the

z1

—_—~

Cs d)s
g9 <0 —y,;s—g—gerCer?SO (69)
z2
/T i Sk Sk >
920 <0 : Sy —— *+ (s +— <0 (70)
2241 2
Js
—
g21 <0 —OC,;S—bs-FCs-&-?SO (71)
Z4
fs Cs fs'be
i, — £ m - % - .
g22 <0 o he “he 2 b +Cs+¢7§0 (72)
L% 11 2
h
z5
—_——~—
Cs ¢s
g23 <0 y;;S—E—fs‘i‘Cs—F?SO (73)
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fs Cs fs-(as+ds)
v+ E g, = - B (
g2 <0 et ’“'*fj : +<s+%§0 (74)
L7
27
—_——f~
go5 <0 x,;s—as—derCswL%SO (75)
z8
gs Cs s (as+ds)
—Yi 7(]-7 T -4 s
926 <0 Ro  He The 2 Z +Cs+%§0 (76)

3.3.4. Design variable bounds
The last constraints associate the bounds in the design variables p € R8T+ to limit the search for the solution.
In , those bounds are established as inequality constraints, where p,,in and p,.q, are the minima and maximum

design variable values, and those are presented in Table [2]

Pmin S p S Pmazx (77)

3.8.5. Optimization problem statement

The optimization problem consists of finding the kinematic and shape design variable grouped in p € RSTHN
that minimize the precision point tracking error J; and the energy consumption J, subject to the bounds in p, the
kinematic, the dynamic, and the link shape constraints. This multi-objective optimization problem is formulated as a
mono-objective one with the weighted sum approach as is shown in —. The desired trade-off is selected through

the weights k1 = 1 and kg = 1 x 1076, These weights are chosen by a series of trial and error procedures.

Min J:I<E1'j1+l<62'j2
P (78)
subject to:
g(p) <0 (79)
h(p) =0 (80)
PMin S p S PMax (81)

4. Differential evolution algorithm

The Differential Evolution (DE) algorithm is used to solve the optimization problem. This is classified as an
Evolutionary Algorithm (EA), and it is a stochastic search method. The algorithm was proposed in 1995 by R.
Storn y K. V. Price [I8]. DE has been used in diverse applications in mechanical engineering, communications, and
pattern recognition. The operating principle of DE is the natural evolution and survival of the fittest to search for
better solutions in each generation through three basic operators of the evolutionary process: mutation, crossover,
and selection. These operators allow exploring/exploiting the search space to find a region near the global solution

and hence, avoid local solutions. DE has been used to solve engineering problems and gained more attention in the
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Algorithm 1 Pseudo-code of the differential evolution variants DE/a/b/c.

1: Generate initial population Xy with NP individuals.

2: Evaluate X

3: G+ 0

4: while G < G, do

5 for each z; € X5 do

6 Generate a child individual u; based on (82)-(89)
7: Evaluate u;
8
9

end for

Select individuals for G 4+ 1 according to CHC
1. G+ G+1
11: end while

synthesis of mechanisms [19] 20]. This is because they provide good approximate solutions, are less likely to get stuck
at local minima, and are not sensitive to initial conditions; they are free derivative, and also they can endow, in an
easy way, outstanding features of other algorithms to make a better exploration and exploitation in the solution search.
Nevertheless, the DE algorithm and all EAs require several tests to verify the reliability of the obtained solution. For
instance, at [21] the authors showed that DE performs better than Particle Swarm Optimization (PSO) and Genetic
Algorithms (GA) for the synthesis of four-bar mechanisms.

In this work, eight variants of differential evolution are considered. Each variant is different by the crossover and
mutation process. The most popular nomenclature for the variants is referred to as DE/a/b/c, where DE means
differential evolution, a indicates the individual’s selection for the mutation stage, b is the number of pairs of solutions,
and ¢ means the type of recombination.

Algorithm [If shows the DFE pseudo-code. The process starts with an initial population X called parents with NP
randomly generated individuals in the search space. The parents mutate and recombine through each generation G
by using - to generate the child population. The mutation rate F' is randomly selected per generation in the
range [0.3,0.9], CR is the crossover rate and the superscript r; V i = {1,2, 3} and best indicate the random and the best
individuals obtained from the parent population. The child and parent population compete between them to preserve
the aptest in the next generation. The synergy between the precision in the point tracking and the energy consumption
must be considered in the optimization problem formulation and an important factor to be analyzed in the Concurrent
Design is the search for solutions that promote a better design trade-off. As the No Free Lunch Theorem states [22] that
an algorithm would perform well on a certain class of problems, but it could not be true for the remaining problems, then

it is necessary to use different optimization techniques to find the most suitable solution in the particular optimization

Kinematic parameters pg; Pmin Pmaz Shape parameters psp~ Pmin  Pmaz
p1-p11 0 0.75 P52 0 0.3
P12-P15, P18-P37 0 2w D53-Ps55, P57 0 0.15
D16 -1.875 1.875 P59-Pes 0.01  0.05
pi7 -1.875 -0.15 Pgo-P1o7 0 1.875
Shape parameters psp

D38-P41, P43, P45-P48, P50, P66-P69, P71, P73-P76, Prs 0 0.1

D42, Paa, P49, P51, P56, P58, P70, P72, P77, P79 0 0.5

Table 2: Maximum and minimum design parameters vector p.
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problem. Eight different DE variants are considered to promote further exploration and exploitation of the search space

and hence, promote different synergy (reconfigurability) in the lower limb rehabilitation mechanism. Those variants
a5 are chosen according to the kind of recombination operator and the individuals’ selection in the mutation process. Four

variants present binomial and exponential discrete recombination. Those are: Rand/1/Bin (DERI1B), Best/1/Bin

(DEBI1B), Rand/1/Exzp (DERIBE) and Best/1/Exp (DEB1E). Two variants includes arithmetic recombination such

as Current —to— Rand/1 (DECR1) and Current —to— Best/1 (DECB1). The last two variants have hybrid operators

between the arithmetic and the discrete recombination. Those are: Current — to — Rand/1/Bin (DECR1B) and
20 Current — to — Rand/1/Exp (DECRIE).

Binomial discrete recombination:

v = v + F(z}' —27?), if rand;(0,1) < CR or j = jrana (82)
x§, Otherwise

Rand/1/Bin : u} = {
vi = abest 4 F(zi' —27?), if rand;(0,1) < CR or j = jrand (83)

Best/1/Bin : u} = Otherwi
erwise

1
Z;5

vi = o + F(z)" —x3?), from rand;(0,1) < CR or j = jrana

Rand/1/Exp : v} = ! _ ! (84)

xy, Otherwise
7 best T T . .
) v =z + F(x't —x3?), from rand;(0,1) < CRor j = Jran

Best/1/Exp : uj = ! ! ( / i) 5(0:1) = Jrand (85)

x; Otherwise
Arithmetic recombination:
Current —to— Rand/1: @' = v} = & + K(Z® — &) + F(@" — &) (86)
Current —to — Best/1: @' = v} = & + K(&@"" — &) + (& — 7"?) (87)

Arithmetic-discrete recombination:

uf = b+ K(z}® — zi) + F(zi' —27?) if rand;(0,1) < CRor j = jrand

Current —to — Rand/1/Bin : u; = ! (88)
x; Otherwise
. ub =2t + K27 — %) + F(z* —27?) from rand;(0,1) < CR or j = jran
Current — to — Rand/1/Exp : uj = ! ! (=5 ) (= ) 30, 1) 7 d(89)
x} Otherwise

On the other hand, the selection process between the child and the parent population is based on the following

statement [23]:

1. A feasible individual is chosen over an infeasible one.
Between two feasible individuals, the one with a higher fitness is chosen.

225 Between two Infeasible Individuals (InfInd), the one with the lowest constraint distance is choseni.e., >\ maz(0, g;).

- W

Between two Infeasible Individuals with the same constraint distance, the individual is chosen by a random

selection.

Unlike what was reported in [23], the penalization of the infeasible individuals is taken with respect to the sum of

the constraint value instead of the number of violated constraints. Based on a series of empirical experiments, this
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240
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255

Algorithm Mean Standard Median Best Worst

deviation
DERI1B 0.0007609 0.000434 0.0008604 1.958 x 10°° 0.001476
DERIE 0.00251 0.0003648 0.002448 6.797 x 1075 0.04095
DEBI1B 0.001139 0.0008696 0.001023 4.14 x 107° 0.00446
DEBIE 0.002997 0.00109 0.002818 6.369 x 107° 0.2768
DECR 0.001183 0.00053 0.00126 4.747 x 107° 0.07003
DECB 0.002226 0.002894 0.001444 18.34 x 107° 0.6288

DECRI1B 0.0008602  0.0004145  0.0009596 7.493 x 107° 0.01917
DECRIE 0.002421 0.0003408 0.002352 8.866e x 107°  0.03839

Table 3: Descriptive statistic of the DE variant executions.

promotes an efficient search in the mechanism synthesis of the lower limb rehabilitation mechanism.

5. Results

This section involves the performance analysis in the optimization algorithm to find the most suitable synergy in
the Concurrent Design for the lower limb rehabilitation mechanism and also, obtain the design for carrying out the
repetitive gait movement with less energy consumption. Besides, the comparative analysis of the proposed Concurrent

Design approach with respect to a mechanism designed with a traditional design approach is carried out.

5.1. Algorithm performance analysis for finding the optimum solution

Thirty independent executions for each of the eight DE variants are developed in C programming language by using
a personal computer with AMD A8-7410 APU @ 2.20 GHz processor and 12GB of RAM. The algorithm parameters
are set as follows: Sixty individuals into the population, i.e., NP = 60 with a maximum generation number of
Gmaz = 200000. The crossover rate is chosen as CR = 0.9, and the scale factor F' and the parameter K are randomly
selected in the interval [0.3,0.9].

In each execution, the average value of the objective functions of individuals in the last generation is stored, and
the data for all executions are analyzed by using the descriptive statistic shown in Table[3| According to this table, the
Rand/1/Bin variant of the differential evolution algorithm (DER1B) presents the smallest mean value and finds the
minimum value of the objective function through executions (the best design solution in the optimization problem) with
respect to the other DE variants. Hence, the DER1B variant provides an efficient exploration and exploitation in search
of a solution. Hence, it promotes the best synergy (reconfigurability) in the design of the lower limb rehabilitation
mechanism.

The behavior of the objective functions for the best solution per each DE variant is displayed in Fig. [3] This
empirically confirms that exponential discrete recombination in DECRIE, DERI1E, and DEBIE variants increases
the exploration of the search space due to the objective functions becoming settled around sixty percent of the total
generations. Meanwhile, the use of binomial discrete recombination (DEB1B, DECR1B) and the arithmetic ones
(DECR,DECB) enhance the exploitation of the search space because the objective functions become settled around
the five percent of the total generations. Increasing only the exploration or the exploitation of the search space results

in local optimum solutions. So, the best performance is obtained by the DER1B. This is attributed because it can
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Figure 3: Objective function convergence of the best solution per each DE variant.

Kinematic parameters py,;

Py Py Ps3 Py Ps Ps Pr Py Py Pio P11 P2 Pi3 Py
0.5981 0.1397 0.7102 0.6402 0.5136 0.5560 0.5779 0.5673 0.6601 0.3047 0.3115 1.8190 2.6483 5.2237
Pys Pyg Pz Pys Pyg Py Py P2 Pag Pay Pas Pag Par Paog
0.1413 -0.4954 -0.3949 3.1571 2.9244 2.7350 2.5770 2.4377 2.3019 2.1657 2.0208 1.8622 1.6834 1.4707

Pag Pso Psy P32 P33 Psy Pss Pse P37

1.1568 0.7969 0.2187 5.9403 5.4842 5.0356 4.5801 4.1582 3.7168
Shape parameters pr;,

Pss Psg Pyo Py Pyo Py3 Pyy Pys Pye Par Pysg Pyo Pso Ps1
0.3000 0.2998 0.0772 0.0896 0.2082 0.3000 0.4960 0.1000 0.0763 0.0760 0.0992 0.1132 0.0762 0.0692
Pso Ps3 Psa P55 Pse Psr Pss Pso Peo Pe1 Pe2 Pe3 Pea Pgs
0.0381 0.0383 0.0383 0.0382 0.0382 0.0382 0.0382 0.0500 0.0100 0.0100 0.0499 0.0100 0.0100 0.0100
Pee Per Pes Peo Pro Pry Pry Pr3 Pry Prs Pre Prr Prg Pro
0.1000 0.0001 0.0005 0.0000 0.0007 0.0000 0.0475 0.0999 0.0002 0.0997 0.1000 0.2476 0.1000 0.0035
Pgo Pgy Pgo Pg3 Pga Pgs Pge Pgr Pgs Pgo Pyo Py Pyo Po3
0.0000 0.0332 0.1977 0.2928 0.3097 0.1261 0.8049 0.1596 0.9101 0.1801 0.3411 0.3606 0.1246 0.2941
Poy Pys Pyg Py7 Pog Pyg Pioo Pio1 Pio2 Pio3 Pio4 Pios Pio6 Pio7

0.0006 0.0063 0.0020 0.0002 0.3454 0.0001 0.3445 0.3939 1.0123 0.4199 0.0002 0.4354 0.8256 0.0340
Table 4: Optimum design variable vector p* = [ﬁki,ﬁsh]T obtained by the Concurrent Design approach.

efficiently balance the trade-off between the exploration and exploitation processes in search of the solution such that

better reconfigurability in the rehabilitation mechanism design is achieved.

5.2. Performance analysis in the obtained design for the rehabilitation mechanism.

According to the descriptive statistics given in Table[3] the best design solution p* obtained by DER1B is shown in
Table[d] This has an objective function of J* = 1.958 x 10~°. The link shapes are presented in Fig. 4| The performance
in the precision point tracking is introduced in Fig. [5| where the precision point tracking error is J; = 1.53 x 1075 m?
which provides a maximum and minimum Euclidean distance between the desired and generated precision points of
9 x 1073 m and 9.68 x 10~° m, respectively. In addition, the total applied torque is J§ = 4.18 N?m?2. It is important
to remark that the obtained solution fulfills the design constraints given in Section

On the other hand, a Finite Element Analysis (FEA) is carried out for each link to get the von Mises stress. The
Matlab®) software and the PDE Modeler Tool are used to perform the two-dimensional FEA. The numerical simulation
of the inverse dynamic analysis is carried out to obtain the maximum magnitude of the joint force. For this analysis an
integration step of 1ms with a maximum crank speed of ws = 27 rad/s are taken into account for a complete cycle of

the rehabilitation mechanism (full rotation of the mechanism crank). With the maximum force information and with
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Figure 4: Link shapes of the optimal solution. Continuous line and dashed line represent the obtained solution by the proposed Concurrent
Design (C.D.) approach and by the Traditional Design (T.D.) approach, respectively. The maximum von Mises stress of links in the
Concurrent Design is also visualized.
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Figure 5: Behavior of the precision point tracking with the best design p*.

Link 2 3 4 5 6 7 8
oom[Pa)  4.8327 x 10°  1.2631 x 10°  1.6388 x 10°  3.4113 x 10°  3.1355 x 105 1.1951 x 10°  1.2848 x 10°

Table 5: Von Mises maximum stress through the full rotation of the crank.

the maximum applied force ﬁKS = [0,-133.41]T N in the point (zg,yg) related to the lower limb weight, the FEA
analysis can be done.

The von Mises stress o, for each link is shown in Fig[d] where the maximum values are presented in Table[5]. As can
be observed, the maximum von Mises stress in the links does not overcome the permissible stress 0,4, = 62052815.64 Pa
of the link material (aluminum). Hence, the rehabilitation mechanism cannot present permanent deformation in the
links with the maximum mass of the Mexican population lower limb, i.e., the link material does not yield with such a

force.

5.8. Biomechanical analysis of the rehabilitation machine

The Computer-Aided Design (CAD) of the obtained rehabilitation mechanism with the best-found design (p*) is
displayed in Fig. [6] The position of the seat is a key factor for guaranteeing that the rehabilitation machine allows the
natural movement of the lower limb and avoids joint mobility problems. Considering that the maximum and minimum
reported human height H of the Mexican population is H = 1.90 m and H = 1.63 m, respectively [I7], and employing
the anthropometric analysis [24] to compute the corresponding thigh and leg lengths, the seat position coordinate
(x4,y4) can be obtained from the origin z1 — y; as x4 = 0.5589H — 0.6959 m and y4 = —0.1318 m. For more details
of the procedure to obtain the seat coordinates ([z.4,ya]), see (S59)-(S63) of the Supplementary Material.

The biomechanical analysis of the rehabilitation machine consists of testing the movement of the lower limb.
When the foot is tied to the Cartesian point [xg,yg] of the mechanism, we must guarantee that the rehabilitation
machine allows the lower limb’s natural movement to avoid joint mobility problems. In this case, the coxofemoral
joint angle & and the knee joint angle ¢ for the full rotation of the crank is presented in Fig. [7] These joint angles
are obtained by developing the numerical simulation of the lower limb movement in Solidworks@®) using the maximum
(1.90 m), and minimum (1.63 m) reported height of the Mexican population [I7]. The corresponding thigh-length
L; =0.53H — 0.285H and leg ones L; = 0.285H — 0.039H in the numerical simulation are computed by employing the
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Figure 6: The CAD of the obtained eight-bar mechanism for the rehabilitation machine.
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Figure 7: Lower limb joint behavior considering a full crank rotation of the eight-bar mechanism with the maximum and minimum height
of the Mexican population.

anthropometric analysis in [24], where H is the human height. For illustrative purpose, a CAD representation of the
lower limb movement in the rehabilitation machine for the Mexican population’s average height is presented in Fig.

Based on Fig. E it is confirmed that the joint angles are into the permitted lower limb natural movement [25].
For the particular case of the Mexican population, the coxofemoral and knee joint movements are into the interval
[—0.34,2.09] rad and [—2.26,0] rad. Hence, the proposed mechanism can safely develop the predefined rehabilitation
routine.

Finally, the prototype of the 1:6 scale modeling of the rehabilitation machine is manufactured with a three-
dimensional (3D) printer, and this is illustrated in Fig. El A video showing the rehabilitation mechanism’s movement

with the proposed concurrent design approach is given in the following link : www.dropbox.com/s/g2blg2dgsii91et/Proyecto.mp4 2dl=

5.4. Comparative analysis

To show the advantages of the proposed Concurrent Design (C.D.) in the rehabilitation mechanism, comparative

results between the design obtained by the proposal and the design achieved by using a Traditional Design (T.D.)
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(f) (8) (h) (i)
Figure 8: Graphical representation of rehabilitation machine through a crank full-rotation.

approach is carried out. The traditional design involves the optimum kinematic synthesis of the rehabilitation mecha-
nism where the design variable vector p’™® € RYTH+N g only related to the kinematic parameter vector py; (the shape
parameters are not considered). In this case, the optimum traditional design is accomplished with the optimum kine-

matic parameters obtained by the concurrent design, i.e., p*7"¢

= py,;- The link shape parameters of the T.D. consider
rectangular and triangular shapes with the link width of 0.01 m (see dashed line links in Fig. E[) The link dynamic
parameters for both designs are included in Table[6} The total mass of links in the concurrent design is 49.04 K g, whilst
the ones related to the traditional design is 11.63 Kg. An increment of 422% of the total mass of links is provided by
the concurrent design with respect to the traditional design. The CAD of the rehabilitation mechanisms with both

designs is displayed in Fig.

Laboraterio de Diseno
Mecorrénico Oprimo

(a) Isometric view. (b) Lateral view.

Figure 9: Scale modeling prototype of the rehabilitation mechanism.
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ma [kg] m3 [kg] ma [kg] ms [kg] me [kg] my [kg] mg [kg]
C.D. | T.D. C.D. | T.D. C.D. | T.D. C.D. | T.D. C.D. | T.D. C.D. | T.D. C.D. | T.D.

15.5292 | 0.2921 2.1218 | 1.6086 3.0092 | 1.6316 17.1338 | 1.7025 5.1925 | 3.4725 3.2289 | 1.3349  2.8290 | 1.5854

I> [kg m?] Is [kg m?] Iy [kg m?] I5 [kg m?] Is [kg m?] I7 [kg m?] Is [kg m?]
C.D. | T.D. CD.|[TD. CD.|T.D.  C.D.|TD. C.D. | T.D. C.D. | T.D. C.D. | T.D.
0.3478 | 0.0013  0.1898 | 0.0824 0.1323 | 0.0776 0.6414 | 0.0593  0.2432 | 0.1009  0.2168 | 0.0478  0.2570 | 0.0471
lez, [m] les, [m] lea, [m] les, [m] leg, [m] lez, [m] les, [m]
C.D. | T.D. CD.|TD. CD.|TD. CD.|TD. C.D. | T.D. C.D. | T.D. C.D. | T.D.
-0.1381 | -0.2951 -0.1787 | -0.0672 0.3484 | 0.3024 -0.2129 | -0.1841 -0.1305 | -0.1486 -0.3598 | -0.3573 0.1708 | -0.0375
lea, [m] les, [m] lca, [m] les,, [m] lce,, [m] ler, [m] les,, [m]
C.D. | T.D. CD.|TD. CD.|T.D. CD.|TD. C.D. | T.D. C.D. | T.D. C.D. | T.D.

0.0103 | 0.0011 -0.0974 | -0.1556 0.0533 | 0.0168 0.1787 | 0.1380 0.3863 | 0.3300 0.0421 | -0.1559 -0.3246 | -0.3684

Table 6: Dynamic parameters of the Concurrent Design (C.D.) and the Traditional Design (T.D.).

p———-ﬂ
- S
(a) Concurrent design. (b) Traditional design.

Figure 10: Obtained mechanism design by using both approaches.

In Table [7} the comparative results of the performance functions in the precision points for both designs are

displayed. It is clear that both design approaches provide the same precision point tracking error J;. Nevertheless, the

a5 concurrent design decreases the total applied torque .Jo with respect to the traditional design.

The last experiment includes the use of a Proportional-Integral (PI) controller to regulate the crank velocity to

we = 27 rad/s with an applied force of ﬁKg =[0,-133.41]TN in the (2, yr) coordinate of the mechanism. The same

controller gains are considered in both designs for the numerical simulation with an integration time of 1ms and a final

time of 3s. The corresponding crank velocities, the applied torques, and the magnitudes of the total mass center in both

30 designs are shown in Fig. The velocity deviation in the steady-state in the C.D. is in the interval [6.2458,6.3504],

while in the T.D. is in [6.1849,6.3605]. A reduction of 40.43% is presented in the C.D.. The total mass centers of the

mechanisms present fewer variations in the C.D. than the T.D.. This implies a reduction of the potential energy of

the mechanism designed by the C.D., which results in a more efficient static balance. The energy consumption is also

numerically provided in the last column of Table[7] It is important to note that the total power in the C.D. decreases

25 52.13% with respect to the T.D. in spite of having a larger total mass.

Hence, the simultaneous consideration of the kinematic synthesis and the dynamics into the design of the eight-bar

mechanism results in a rehabilitation machine that consumes less energy, this can also reduce the control effort in the

system in such a way that it decreases the error velocity. Also, the integration of the shape design in the proposed
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335

340

345

J Ji [m?) Jo [N?m? Energy [W]
C.D.| T.D. C.D.| T.D. C.D.| T.D. C.D.| T.D.
1.9585 x 107° | 3.8159 x 107> 1.5399 x 107° | 1.5399 x 10~>  4.1857 | 22.76  14.2018 | 29.6728

Table 7: Performance function and the energy consumption of the obtained rehabilitation mechanism with the Concurrent Design (C.D.)
and the Traditional Design (T.D.).
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Figure 11: Velocity behavior wa, torque behavior 7 and magnitude of total mass center ||MC/|| of the eight-bar mechanism with a PI velocity

controller.

concurrent design approach can obtain real design solutions, i.e., it provides link shapes that can be manufactured.
Suppose that only the mass, the inertia, and the mass center parameters (dynamic parameters) of the links are obtained
as design solutions as in the case of [5]. Then, another optimization process is required to fit those solutions to specific

link shapes, and it may produce unreal links or with significant differences in their dynamic parameters.

6. Conclusions

A methodology that integrates kinematic synthesis, structure shape design, and dynamic performance for rehabil-
itation machines is proposed and applied to a particular study case related to the eight-bar lower limb rehabilitation
mechanism. Such design interactions in the concurrent design are stated as a nonlinear constrained dynamic optimiza-
tion problem and solved via different DE variants to obtain the most suitable design solution. Considering that the
mechanical structure is a load to be drive by the controller, the main characteristic of the proposed concurrent design
is that it is designed so that the dynamic behavior presents less load, which results in less control effort, and so, the
controller complexity may be reduced. It also gives the link shapes without requiring additional shape procedures.

The comparative analysis of the result provided by the proposed concurrent design with a traditional design ap-
proach shows that the integration of kinematic synthesis, structure shape design, and dynamic performance can notably
influence the total power reduction at 52.13%, the velocity deviation in the steady-state at 40.43%, and in the imple-
mentation time. The latter because it provides real link shapes, i.e., it does not require time-consuming in another
optimization process to fit the obtained inertial properties to specific link shapes. Therefore, the proposed concurrent
design approach can generate an improved rehabilitation mechanism.

On the other hand, one important factor to be considered in this kind of design methodology is the use of efficient

optimization algorithms such that they can also promote the synergy among design criteria. For the particular case,
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among DE variants, the DER1B can efficiently explore and exploit the design space such that better reconfigurability

in the rehabilitation mechanism design is achieved.
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Supplementary material

“Integrated design of a lower limb rehabilitation mechanism using differential evolution”

José Saul Munoz-Reina, M. G. Villarreal-Cervantes, Leonel Germéan Corona Ramirez

Nomenclature

The paper adopts the following nomenclatures:

Parameter Definition Parameter Definition
I; and lz The $-th and 5-th position vector l; and 1} The 5-th and 5-th magnitude of position vector
05 and 0% The $-sth and s-sth direction of position vector s Link number
0 Crank position My and M Four-bar mechanism representation
Ms Five-bar mechanism representation 0, Offset angle
wWs The s-th angular velocity j Imaginary number
g The s-th angular acceleration Ts-Ys Inertial coordinate
l?s The s-th center of mass vector O The s-th offset angle of the center of mass vector
les The s-th magnitude of the center of mass vector ag, The s-th acceleration vector of the center of mass
ag,, The 2 component of the s-th dq, vector ag,, The y component of the s-th d¢, vector
Tg.-Yg. The s-th coordinate axis in the center of mass k Link node
Ri,ﬂ The k-th position vector in the s-th link R];s’l The x component of the k-th Ri:g vector in the s-th link
e, The y component of the k-th ﬁl?'< vector in the s-th link ﬁl%s The k-th force vector in the s-th link
chsr The x component of the k-th ﬁks vector in the s-th link chsy The y component of the k-th F}cs vector in the s-th link
Mg The s-th link mass ] Gravitational acceleration
I, The s-th moment of inertia T Torque
X Forces and torque vector A Matrix into the dynamics
B Vector into the dynamics bs, Csy .y ks Link edge length
bs The s-th hole diameter k Simple geometry
My, The k-th mass in the s-th link Ps Material density
I, The k-th moment of inertia in the s-th link Ly Ja Terms of the objective function representing design objectives
J Objective function P Design parameters vector
K1Y K2 Weights of the design objectives in the weighted sum [z, y7] Desired precision points
G15, 92, -5 12 Inequality constraints h1, he Equality constraints
[@ini, Yinil Initial coordinate of the path t Time
[ZE,UE) Desired path points [zE,yE] Mechanism effector path
ty Final time N Number of precision points
21522y ey 28 Collinear line with the link edge OuM Von Mises stress
A ByC Coefficients of the line equation D Distance from a line to a point
[II;S s ka] Hole center coordinate (s Distance between the hole and the link edges
Ok, Stress in the hole as Contact area
Femin Minimum security factor Tadm Permissible stress
P Minimum distance between holes G Generation
Gmaz Max number of generations T Population
NP Number of individuals H Height of a person
U; Child vector D Length of the design vector
cr Crossover factor FyK Scale factors
L Leg length Ly Thigh length
13 Coxofemoral joint angle ® Knee joint angle
Di Kinematic parameters Dsh Shape parameters




440 Unknowns of the angular position analysis

The position vector loop unknowns 05, 05, 05, 64, 07 and g from equations — can be obtained applying the

Euler’s formula. Then, these are grouped to form Freudenstein’s equations. The solution of Freudenstein’s equations

can be obtained as quadratic ones, therefore the unknowns are defined as follows:

where:

Byt B+ A3 C3
05 = 2atan2 . =
Cy — Ay
BB A2
05 = 2atan2 - -
Cy — Ay
By /B4 A3 O3
03 = 2atan2 . ! = ! i
Cy— Ay
Byt /B2t A2 c2
0, = 2atan2 a =
C3 — A3
BetJB2 1 A2 c?
0; = 2atan2 - —
Co — Ag
By /B2y A2 e
0s = 2atan2 = =
Cs — As

Ay = 2lglcos09 — 2slicosby

112 = \/Z% + 13 — 21119008(91 — 99)
By = 2lglsinfy — 251} sinby

l1cosl; — lgcosby
llsmHl — lgsin09

012 = atan?2 (

Cr =13 +13 12412 — 2lglycos(fy — 02)
0 = 0 + O

Ay = —2lgl5c0809 + 2sl5c0s0s

/Al5 = 2lgli19c08019 — 2lglgcosls + 2l4lgcosly
Bg = —2lgl5senly + 2lsl5senby

35 = 2lgl128inb19 — 2lglgsenlg + 214lgsenly

Cy =13 +13+12 — 12 — 2glycos(fy — 02)

(S1)

(52)



Cs =12 412 4+12 4+ 12, — 12 + 24l10c05(04 — 012)

Az = 21114c0801 — 2lalycos0s — 2l4lgcos(04 — Og) — 2lgl12cos(0s — 612)

Bg = 2l1lysenby — 2l5lysenby

/16 = —2l4l7c0804 + 2lgl7cosbg — 2l7112c0860712

Cs =12 412 — 12+ 12 — 2l11ycos(6; — 62)

Bg = —2l4l7senfy + 2lglrsenfs — 2l7l128inb12

A4 = —2l1l3c086071 + 2l5l3c0s04

Co =12 412 +12+ 12, — 12 — 2l5c05(04 — 05)

By = —2lyl3senb; + 2lyl3senbs + 2l4l12c08(04 — 612) — 2lgl12c0s(0s — 612)

Co=12 412412 —12 —2liycos(6; — 6)



Unknowns of the angular velocity analysis

a5 The velocity vector loop unknowns ws - wg from —@ can be obtained applying the Euler’s formula. Separating

the real and imaginary terms, these form a linear equation system. Solving the systems equations, the unknowns are

defined as follows:

ZQSZTL(GQ — 94)
wa h l3$ZTL(03 — 94)
D lasin (02 93)
lasin(0s — 04)
lasin(fy — 6F)
wso= T l5sin(fs — 05) w2
w _ ZQSZN(HQ — 95)
O T T lisin(6; — 0})
lgsin(0s — 0s) lysin(04 — 05)
wro =T 178271(97 - ag)WG l7Si’I’L(97 — HS)W4
wg = — ZGSZ’I’L(HG — 97) l4sin(94 — 07)0.}4
lgsin(07; — 6s) lgsin(07 — 6s)

Unknowns of the angular acceleration analysis

(S29)
(S30)
(S31)
(S32)
(S33)

(S34)

The acceleration vector loop unknowns as - ag from —@, can be obtained applying the Euler’s formula. Separat-

ing the real and imaginary terms, the linear equation system is obtained. Solving the systems equations, the unknowns

are defined as follows:

o — 12608(02 - 94)0.)2 + 13608(93 — 6‘4) l4w§ lgsin(Gg — 94)
5= l381n(93 — 94) lgSiﬂ(@g — 94)
12008(02 — 93) 14608(93 — 04)(.«)4 + lgbd% l2$i’ﬂ,(02 — 03)
Qg = - a2
148277/(93 — 94) 1482’11(93 — 94)
o — lacos(0y — 0f)w? + l5cos(05 — O ) w2 — lgwd _ lasin(f2 — 65)
o lssin(0s — 6f)  Issin(0s — 0) a2
N lacos(0z — O5)w3 — lgcos(05 — 05 w2 + lsw?  aslasin(@e — 05)
6=— -

lgsin(0s — 6f)
lycos(04 — Og)w3

lgsin(0s — 6f)

— lgcos(0 — Og)wd — lzcos(07 — Og)w? + lsw?

ar= l7sm(97 — 08)
l4sin(94 — 08) lgsin(% — 08)

+ oy — -
l7sm(97 — 08) Z7SZTL(97 — 98)

(&73]

_lycos(0,4 — 07)w3

— lgcos(0 — O07)w?2 + lgcos(07 — Og)w2 — l7w?

as = lgsin(97 — 08)
l4Sin(94 — 07) o — lgsin(% — 97) o
lgS’i’ﬂ(Q'f — 08) lgsin(97 — 98) 6

(S35)
(S36)
(S37)
($38)

(S39)

(S40)



Position vectors ﬁk
450 The k — th position vectors Ek in the s — th link are described respect s — th link mass center. According to the

Free-body diagram in Figb), the polar representation are shown in (S41))-(S56)).

ECQ = —lcged(02192) (541)
Rp, = 16 + R, (S42)
Re, = —lege??3+9s) (543)
Rp, = l3¢’% + R, (S44)
Re, = —lege?1+00) (S45)
Rp, = 14¢’% + R, (S46)
Re, = —lese?(95+55) (S47)
Rp, = l5¢’% + Re, (S48)
Re, = —lcge?Petds) (549)
Ry, = l,e’% + Re, (S50)
Rp, = lse’% + Rg, (S51)
Re, = —lege?07+07) (S52)
Rp, = 1:¢/% + Re, (S53)
R, = —lege? ) (Sh4)
Rp, = Is¢’% + Re, (S55)
Ry, = 4’ + Re, (S56)

The Cartesian form of position vectors (S41))-(S56]) is obtained by applying the Euler’s formula. With this repre-
sentation is possible to use them directly in the dynamics equations —



Equations of inverse dynamic model
as5 The dynamics equations — of the rehabilitation mechanism can be expressed as X = A~!'B to form the
inverse dynamic model. The matrix A € R?'*2! can be expressed as shown in (S57)), and the vector B € R is

defined in (S58)).
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Seat position
There are different ways to obtain the seat position, in this section, a method is presented based on the kinematics

wo of lower limb. In (S59)), the kinematic equations of the lower limb are expressed from x; — y; coordinate (see Fig. .

xa + Licos(0r,) + Licos(0r,) — vg _ 0 ($59)
ya + Lisin(0r,) + Lisin(0r,) — yE 0
where:
L; =0.53H — 0.285H
L; =0.285H — 0.039H
(S60)
O, =-T—-¢
0, = —p—0r,

First, the vertical displacement y 4 of the seat position is obtained. This is considered fixed (with a constant value)

and is obtained as follows:

1. Choose the average height of the Mexican population i.e H = 1.7 m, and obtain the lower limb lengths L; and
45 L, with (S60).
2. Find the minimum values of the xg and yg coordinates of the trajectory with respect to the z; — y; coordinate
system. In the particular case such coordinates are xp = —0.4825 and yg = —0.4182.
3. Cousider the lower limb is in the rest position (the thigh is collinear to the x; axis), i.e, the leg angle is ¢ =
—2m/9rad (-40 degrees), the thigh angle is £ = 7m/18rad (70 degrees) and the seat tilt is I' = 117/18rad (110
470 degrees); and compute the lower limb angles 6y, and 60y,.

4. Compute y4 using (S5H9)). In this case y4 = —0.1318 m.

Then, the x4 seat coordinate (horizontal displacement) is compute. This must be computed as a function of the

human height H. Assuming the vertical displacement y4 is fixed, and using sin(r,) = % obtained from the

second equation of (S59)) (considering the rest position in the lower limb), the x4 seat coordinate is given as,

2
o= —Licos(0r,) + Ly \/1 - (yALerE> + g (S61)
1
ats Considering the rest position in the lower limb (with the commented previous values in ya, T', £ ¢, xg and yg),

(S61)) in terms of the human height H results,

/ 1.194
ra=0.245H +0.246H4/1 — Iz 0.4825 (S62)

A linear equation which relates the human height H with the horizontal displacement of the seat x 4 is presented in

(S63)). This is obtained by using a linear regression with the values presented with different heights H of the Mexican



population [S17] (H € [1.63 m,1.90 m]) in (S62)).

24 = 0.5589H — 0.6959 (S63)

480 Note that the (x4, y4) coordinate represents the joint of the thigh. So, a small displacement in the negative direction
of the vertical position is required to place the seat. In this work the displacement is set as 0.05 m and it may be

related to the half of the thigh clearance average (thigh thickness).
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